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A HOLOGRAPHIC PRINCIPLE FOR THE EXISTENCE OF 
IMAGINARY KILLING SPINORS 

OUSSAMA HIJAZI, SEBASTIAN MONTIEL, AND SIMON RAULOT 


Abstract. Suppose that E = dfl is the n-dimensional boundary, with 
positive (inward) mean curvature H, of a connected compact (n + 1)- 
dimensional Riemannian spin manifold (fl n+1 , g) whose scalar curvature 
R > —n(n + 1 )fc 2 , for some k > 0. If E admits an isometric and isospin 
immersion F into the hyperbolic space JPtj, we define a quasi-local 
mass and prove its positivity as well as the associated rigidity statement. 
The proof is based on a holographic principle for the existence of an 
imaginary Killing spinor. For n = 2, we also show that its limit, for 
coordinate spheres in an Asymptotically Hyperbolic (AH) manifold, is 
the mass of the (AH) manifold. 


Dedie a Paul Gauduchon en temoignage de notre reconnaissance et amitie. 

1. Introduction 

The Positive Mass Theorem (PMT) states that for a complete asymptot¬ 
ically flat manifold which, near each end, behaves like the Euclidean space 
at infinity and whose scalar curvature is nonnegative, then its ADM mass 
of each end is non-negative. Moreover, if the ADM mass of one end is zero, 
then the manifold is the Euclidean space. The PMT was proved by Schoen 
and Yau jSYTl ISY2] using minimal surface techniques. Later on, Witten 
[Wij gave an elegant and simple proof of the PMT for spin manifolds. Since 
then, spinors has been successfully used to prove Positive Mass type theo¬ 
rems (see for example [U2 [£0 [CHI ILYTI lLY2l IWrTI [STTUTTmT] ). 

In this spirit, Wang and Yau |WYlj introduced a quasi-local mass for 
3-dimensional manifolds with boundary whose scalar curvature is bounded 
from below by a negative constant. Again, using spinorial methods, they 
proved that this mass is non-negative. Shi and Tam [ST2j proved a similar 
result but with a simpler and more explicit definition of the mass. More 
precisely: 
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Theorem 1. [ST2 ' Let {Ll 3 ,g) be a compact 3 -dimensional orientable Rie- 
mannian manifold with smooth boundary X. Assume that : 

(1) The scalar curvature R of {Lt,g) satisfies R > —6 k 2 for some k > 0; 

(2) The boundary X is a topological sphere with Gauss curvature 

K > — k 2 and mean curvature H >0 (so that X can be isometrically 
embedded into H 3 2 , the Hyperbolic space of constant curvature —k 2 , 
with mean curvature Hq). 

Then, the energy-momentum vector 


M a := / {H 0 - H)W a dX € M 3 ’ 1 

is 

is future directed non-spacelike or zero, where W Q = {x\,X 2 ,xq ,at) with 


a = coth R\ + 


1 

sinh R\ 


sinh 2 
sinh 2 R,\ 



> 1 


( 1 ) 


an explicit constant depending on the intrinsic geometry of X and X := 
Wi = (xi,X 2 ,X 3 ,t) is the position vector in M 3,1 . Moreover, if there exists 
a future directed null vector ( G M 3,1 such that: 


{ M a , C)r3,i = 0, 

then (Tl 3 ,g) is a domain in H 3 , 2 . 

The statement of this result needs some explanation. First, from [Pi 
and |DCWj . as mentioned, the assumptions on the boundary X ensure the 
existence of an isometric embedding of X into the hyperbolic space H 3 , 2 
as a convex surface which bounds a domain D in H 3 ^ fc2 . Moreover, this 
embedding is unique up to an isometry of H 3 fc2 . Here Hq denotes the mean 
curvature of this embedding and R± and R 2 are two positive real numbers 
such that B 0 {R \) C D C B 0 {R 2 ) in H 3 fc2 where B a {r ) is the geodesic ball 
of radius r > 0 and center o = (0,0,0,1 /k). This result has been recently 
generalized by Kwong 0. Namely, he proves: 

Theorem 2. |KJ For n > 2, let (Q n+l ,g) be a compact spin (n + 1)- 
dimensional manifold with smooth boundary X. Assume that: 

(1) The scalar curvature R of Ll satisfies R > —n(n + 1 )k 2 for some 
k > 0, 

(2) The boundary X is topologically an n-sphere with sectional curvature 

K > -k 2 , mean curvature H > 0 and that X can be isometrically 
embedded uniquely into with mean curvature Hq. 

Then, there is a future time-like vector-valued function W Q on X such that 
the energy-momentum vector: 


= {H 0 - H) W q dX e 


tn+1,1 


M a : 
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is future non-spacelike. Here W a = {x\,X 2 ,--- ,x n +i,at) for some a > 1 
and X := WiOi,£ 2 , • • • ,x n+ i,t) G IF+£ C M n+1 ’ 1 is the position vector of 
the embedding of £. 

In the general case, the constant a is still explicitly given by Jl]). It 
is conjectured, and verified for n = 2 in certain cases (see |ST2| ). that 
Theorems Q] and [2] should hold for a = 1. A key ingredient in the proof of 
these two results is a generalization of the Positive Mass Theorem for (AH) 
manifolds (see Section 14.31) . 

In this paper, we make use of another approach, developed in [HMlj . 
to establish a holographic principle^ for the existence of imaginary Killing 
spinors on Dirac bundles (See Section [2.211 in order to generalize the above 
results in several directions. Namely, we modify the curvature term in the 
definition of M a to precisely define a energy-momentum vector field E(£) 
in terms of X. In particular, our expression depends only on the metric 
and the embedding of £ and is thus independent of the particular manifold 
LI. It could be considered as a possible new definition of a quasi-local mass 
since it has the desirable non negativity and rigidity properties as shown in 
Theorems [3] and [fl Moreover, these statements hold in a more general setup. 
In fact, we have: 

Theorem 3. Let (Ll n+1 ,g) be a compact, connected (n + l)-dimensional 
Riemannian spin manifold with smooth boundary £. Assume that 

(1) The scalar curvature R of LI satisfies R > —n(n + 1 )k 2 for some 
k > 0; 

(2) The boundary £ = dLl has mean curvature H > 0 and that there 

exists an isometric and isospin immersion F of £ into the hyperbolic 
space with mean curvature Hq. 

Then, the energy-momentum vector defined by 

E(£) := J € Rn+U ( 2 ) 

is timelike future directed or zero (see Theorem^ for the definition of X). 
Moreover. E(£) = 0 if and only if (H n+1 ,g) is a domain in IF+ 1 , £ is 
connected and the embedding of £ in Ll and its immersion F in are 

congruent. 

For n = 2, since D is automatically spin, we deduce the following: 

Theorem 4. Let (Lt 3 ,g) be a compact, connected 3-dimensional oriented 
Riemannian manifold with smooth boundary £. Assume that: 

(1) The scalar curvature R of (Ll 3 ,g) satisfies R > —6k 2 for some k > 0; 

(2) The boundary 'Ll is a topological sphere with Gauss curvature 
K > —k 2 and with mean curvature H > 0. 

*By holographic principle we mean the property which states that the description of a 
manifold with boundary can be thought of as encoded on the boundary. 
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Then, the energy-momentum vector given by E(E) £ R 3,1 is timelike future 
directed or zero. Moreover, E(E) = 0 if and only if (Tt 3 ,g) is a domain in 
H 3 k 2 and E is connected. 

Note that in the rigidity part of this result, the embedding of E in 12 and 
its immersion in H 3 , 2 are automatically congruent because of the unique¬ 
ness of the embedding of E in H 3 , 2 - 

For simplicity, we will only prove the case k = 1. The general case is 
obtained by a homothetic change of the metric. 

2. Geometric and Analytic preliminaries 

The aim of this section is to introduce the general geometrical spinorial 
setting and the basic analytical tools needed to establish the above men¬ 
tioned results. 

2.1. The geometric setting. In the following, we consider a compact and 
connected Riemannian spin (n + l)-dimensional manifold (fi n+ 1 ,g) with 
smooth boundary E := <9fL The Riemannian structure on Q induces a 
Riemannian metric on E, also denoted by g , whose Levi-Civita connection 
V s satisfies the Riemannian Gauss formula 

V%Y = V%Y-g(A(X),Y)N (3) 

for all X, Y £ T(TE). Here V n is the Levi-Civita connection on f2, N the 
unit inner normal vector field to E and A is the Weingarten map defined 
by A(X) = — V^-IV, for X £ r(TE). Since 12 is spin, there exists a pair 
(Spin(I2), 77 ) where Spin(fl) is a Spin n+1 -principal fiber bundle over 12 and rj 
is a 2-fold covering of the SO n _|_i-principal bundle SO(fl) of g-orthonormal 
frames such that 

Vrt £ Spin(H), Va £ Spin n+1 , rj(ua ) = r](u)p(a) 

where ua denotes the right action of Spin n+1 on Spin(fl) and p is the 2- 
fold covering of the special orthogonal group SO n+ i by Spin n+1 . Note that 
since H is oriented, it induces an orientation on the boundary, hence E is 
automatically spin. Indeed, via the inclusion map SO(E) SO(H), we can 
define the pulled-back bundle Spin(H)| S , which gives a spin structure on E 
denoted by Spin(E). Recall that on H, we define the spinor bundle §H, a 

[ it+i i 

rank 21 2 1 complex vector bundle, by 

Sfl .— Spin(fl) x-y n+1 <S n+ i 

where 7 n+i is the restriction to Spin n , 1 of an irreducible complex represen¬ 
tation of the complex Clifford algebra O n +i. This representation provides 
a left Clifford module 


7 n : CI(P) —>• Endc(SH) 


(4) 
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which is a fiber preserving algebra morphism. Then Sfi becomes a bundle 
of complex left modules over the Clifford bundle C l(Q). In particular, Sf2 is 
a complex Dirac bundle in the sense of [LMj . i.e., there exists on Sfi: 

- a Hermitian scalar product (, )n, 

- a spin Levi-Civita connection acting on sections of Sfl 
such that 

- the Clifford multiplication by tangent vector fields is skew-Hermitian: 

(7 n pOV’,^) = -+,7%^)+, (5) 

- the covariant derivative is a module derivation, that is 

v£(7 n (W) =7 n (V^m + 7 n (^)V^, (6) 

- the covariant derivative is compatible with the Hermitian scalar 
product, that is 

X{M = (^x^<P) + {^x<P) ( 7 ) 

for all X, Y £ T(Tfi) and £ T(§fl). The Dirac operator D n on is 
the first order elliptic differential operator locally given by 

71+1 

= 7 n (+ V ^ 

i =1 

where {ei,..., e n +i} is a local orthonormal frame of TCI. As mentioned 
above, the boundary is naturally endowed with a spin structure and the 
group Spin n C CZ° (the even part of the Clifford algebra) acts on the re¬ 
stricted bundle Spin(f2)| S via the map t defined by 

l : C l n —> Cl° +1 C Cl n+ 1 

e 3 1 —> e 3 ' N - 

where the dot is the multiplicative structure of the Clifford algebra. Hence 
we have that the restriction 

:= §H| S = Spin(E) x 7n+lQl S n+ i 

is a left module over O(E) with Clifford multiplication 

+ : CZ(E) —> Endc(^S) 

given by ^= 7^0 t, that is 

+ (X+ = 7 n (X) 7 n (7V+ (8) 

for every ^ £ T(^£) and X £ T(TH). Consider on the Hermitian 
metric (, )q induced from that of SH. This metric immediately satisfies the 
compatibility condition (J5]) if one puts on £ the Riemannian metric induced 
from D and the extrinsic Clifford multiplication + defined in (j 8 |) . Now the 
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Gauss formula (|3|) implies that the spin connection y^ on i^E is given by 
the following spinorial Gauss formula 

(9) 

for every i/j G T(^5E) and X G T(TE). The extrinsic Dirac operator 

If 9 s := oy s on E defines a first order elliptic operator acting on sections 

of By Q, for any spinor field if) G T(Sn), we have 

n 

^ - 7 n (N)D^ - vyy, (io) 

3 = 1 

and 

^ s ( 7 Q (iv)y) = - 7 n (iv)^ E y (ii) 

where {ei,..., e n } is a local orthonormal frame of TE and H = j- trace A is 
the mean curvature of E in n. On the other hand, E has also an intrinsic 
spinor bundle defined from its spin structure and an irreducible representa¬ 
tion of Cl n . More precisely, the complex vector bundle of rank 2 ^, defined 
by 


SE := Spin(E) x 7n S n . 

This is also a Dirac bundle over E with a Clifford multiplication 7 s , a spin 
Levi-Civita connection V s and a Hermitian scalar product satisfying the 
properties (|5|) , (| 6 j) and flZJ) on E. Moreover, the intrinsic Dirac operator on 
E is then defined by D L := 7 s oV L . As we shall see in the next section, there 
are natural identifications between intrinsic and extrinsic spinor bundles over 
E (see |Bu( iTrl iBal IHMZ21 IHMR,2| for more details). 


2.2. Dirac bundles and chirality operator. The important fact now is 
to consider bundles on which a chirality operator is defined. Recall that a 
chirality operator uj on a Dirac bundle (£D, 7 , V, (, )) is an endomorphism 

w : T(£ft) —> T(£ft) 

such that 

w 2 = Id £n , (wf,w$) = (fy), (12) 

w(7(A r )'h) = —7 (A)wT, Vx^T) = w(Vx'l'), (13) 


for all X G r(Tfi) and T,<3? G T(£n). In the following, we consider the 
vector bundle given by 


f Sn if n + 1 = 2 m, 

( Shi © sn if n + 1 = 2 m + 1 , 
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on which a Clifford multiplication 7 and a linear connection V are defined 
by 


7 = 


7 


0 - ryQ — 


7 n 0 
0 -7 f 


and 


V 


V = 


n 


V n © V n = 


V s 


0 


if n + 1 = 2 m 
if n + 1 = 2 m + 1 
if n + 1 = 2 m 
if n + 1 = 2 m + 1. 


(14) 


(15) 


0 V n 

Finally, (, ) denotes the Hermitian scalar product given by (, )n for n odd 
and by 


(4» ,$) := (-0i,<£>i)n + (t/> 2 ,¥> 2 )n (16) 

for n even, for any T = (ip 1 ,"02)? $ = (T\ , 77 ) G r(£D). The Dirac-type 
operator acting on sections of and defined by D := 7 o V is explicitly 
given by 

D n if n + 1 = 2m 

D — < / j~.fl Q \ 

£> n ®-Z> n =( _^ n 1 if n + 1 = 2 m + 1 . 

Let us examine, in more details, this bundle and its restriction to E: 


The even dimensional case 

If n + 1 = 2m, the vector bundle is the spinor bundle In this 
situation, it is well-known that the Clifford multiplication oj := 7 ( 1 c’j 7 _ 1 ) by 
the complex volume element 

^n+i .— i e\ • ... • e n+ \ 

defines a chirality operator on ££l. Moreover, the spinor bundle splits into 

£D = §D = § + O0§-D (17) 

where are the ±l-eigenspace of the endomorphism oj. On the other 
hand, from algebraic considerations (see j HMZl] or HMI12 for example) 
the restricted spinor bundle 

\= = i^SE 

can be identified with the intrinsic data of E as follows: 

($E, 7 f s ,y s ) = (§E © §E, 7 s © — 7 s , V s © V s ). 

In the following, for simplicity we let (^,'f, y) := (^E,^ s , y L ) the extrinsic 
Dirac bundle over the boundary of the even dimensional Riemannian spin 
domain D. As a consequence of these identifications, we get that the extrinsic 
Dirac-type operator Ip := p/oy of can be identified with the extrinsic Dirac 
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operator p^" which only depends on the Riemannian and the spin structure 
of £ since we also have the following identification 


p = D 


-D s = 


0 


0 

- D s 


Moreover, a simple but important observation here is that we can also choose 
the Clifford action of the unit normal N by: 

■>W = (id o) < 18 > 

where the matrix blocks are defined with respect to the chiral decomposition 
(ED- Then we note that the Dirac-type operator defined for all T £ T($) 
by 

p±m : = pq> ± = pz ± ^ 7 n (IV)T 

does not depend on the extrinsic geometry of £ in D. Indeed, from the 
identification of p and (fT8l) . we have 



and it is obvious from this expression that these operators only depend on 
intrinsic data of £ (more precisely on the spin structure and the induced 
metric of £). 


The odd dimensional case 

If re + 1 = 2m + 1, the vector bundle 8Ti consists of two copies of the 
spinor bundle 


£fl = SO ® 

and its rank on C is 2 m+1 . It is straightforward from the definitions (114(1 . 
ED and ED that the relations ©, m and © are valid for 7 , V and (, ) 
and thus (£D, 7 , V, (, )) defines a Dirac bundle over D. In this situation, it 
is a simple exercise to check that the map 

w: T(£ft) —► T(ffi) 



satisfies the properties (fT2l) and (fT3l) so that it defines a chirality operator 
on The restriction of £0. to £ is given by 

:= = ^£ © ^£ 

and can be identified with two copies of the intrinsic spinor bundle of £ 
(see (HMZ1I or |HMR2j for more details). Similarly, the extrinsic spin Levi- 
Civita connection 


y := ©y s 


0 

0 


(19) 
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as well as its Clifford multiplication 

i ■■=■?<*■?=(§ £) ( 20 ) 

are such that the following identifications hold 

(£, i, f) 2* $E © $E, 7 s ® 7 s , V s © V s ). 

In particular, these definitions provide a Dirac bundle structure on <*?. It is 
also clear from the definitions of V, y and the spinorial Gauss formula ([9]) 
that a similar relation holds between V and y. The extrinsic Dirac-type 
operator acting on sections of <*? is defined as usually by If) := 'j o y and by 
m and (I20p . it satisfies) 



Then we also easily observe that relations (1101) and (1111) hold. Finally, as in 
the even dimensional case, the operators defined by 

( 21 ) 

Indeed, by (fill) , we first 

^ V 0 ZW©§if z (IV))' 

Moreover, since 

d s : r(s ± (s)) —► r(s*(s)) 

and since we can choose the Clifford multiplication by N such that 

^> = -<0 -Id) 

we hnally get 

0 0 \ 

0 0 

©§Id D s ' 

D s ±§Id/ 

This expression clearly shows that these operators only depend on the Rie- 
mannian metric and the spin structure on E. Here the matrix blocks are 
defined with respect to the decomposition 

£ = (§ + (E) ©S"(E)) © (§ + (E) ®§-(E)). 

We summarize the preceding discussion by 


V> ± = 


( ±§Id 

z5 s 

o 

o 


D s 

©fid 

0 

0 


P* :=p±^irf(N) 

can be expressed intrinsically with respect to E. 
note that 

m± _ (D^±^(N) 0 
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Proposition 1. The bundle (£ 0 , 7 , V) is a Dirac bundle equipped with a 
chirality operator ui whose associated Dirac-type operator D = 70 V is a 
first order elliptic differential operator. The restricted triplet Y) is also 
a Dirac bundle for which the spinorial Gauss formula 

fx* = Vx$ - \j(AX)V (22) 

holds for all G r($) and X G T(TS) and such that 

Tl 

fly = - 7 (IV)P>'P - Vat’P (23) 

and 

^>(7(JV)tf) = -7 (N)]f)^ (24) 

where Jj) := i o Y is the extrinsic Dirac-type operator on tf. Moreover, 
the Dirac-type operators Jp± := Jj) ± are first order differential 

operators which only depend on the Riemannian and spin structures of T,. 


2.3. The Hyperbolic Reilly formula. We first recall the hyperbolic ver¬ 
sion of the Schrodinger-Lichnerowicz formula on the spinor bundle where a 
proof can be found in |AD| . |HMR2| or pvfj 

j n {\{ R + n ( n + !)) IVf - dfl < ((Jj)fY,Y) ~ ^H\Y\ 2 ) dX 

for all Y G T(Sfi) and where := D n + 2±ljid and Jj)\ := IjF ± §i 7 a (iV). 
Moreover equality occurs if and only if if is a twistor-spinor and the scalar 
curvature of is constant equal to —n(n+1). Recall that a twistor-spinor on 
Sf2 is a smooth spinor field such that PxY = 0 for all -A G r(Tfi) where the 
operator P^ is the twistor operator (also called Penrose operator) defined 
for all Y ^ r(§fi) by 

PxY ■= v%Y + — j— 7 n (x)D n Y, 

n + I 

(for more details, we refer to jBFGKj). We now extend the above Hyperbolic 
Reilly Inequality to sections of the Dirac bundle ££l. For this, we define the 
twistor operator on ££l by 

. ( if n + 1 = 2 m 

Px ■= Vx + —— 7 (X)D = { 

n + i [ Pg ® Pf if n + 1 = 2m + 1 

and a section 'F G r(£H) such that Px 'P = 0 for all X G T(TQ) will be 

called a twistor-spinor on ££l. Then it is a simple exercise to check that the 

following formula holds on ££l: 


Proposition 2. Let Q be a compact and connected (n + 1 )-dimensional Rie¬ 
mannian spin manifold with boundary E. Assume that the scalar curvature 
ofD satisfies R. > — n{n + 1), then for all \P G r(£H), we have 


n 


n+1 


\D ± d’\ 2 dD< J (($> ± ^,'P) - ^P|<P| 2 ) dX. 


(25) 
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Moreover equality occurs if and only if ^ is a twistor-spinor on ££l and 
R = — n(n + 1). Here Ifare defined in (l2T|) and D± are the modified 
Dirac-type operators acting on sections of ££l defined by: 

D± := -D =F Idgn- (26) 

2.4. A boundary-value value problem for the Dirac-type operator 

D + . In this section, we introduce the boundary condition which we will 
need and prove its ellipticity for a Dirac-type operator acting on r(£fl). It 
turns out that this condition is well-known for even dimensional Riemannian 
spin manifolds: this is the condition associated with a chirality operator (see 
jHMRlj for example). Here we extend it for odd dimensional Riemannian 
spin manifolds. Note that, as explained in the previous section, we are not 
working on the spinor bundle Sfl since this boundary condition does not 
yield to an elliptic boundary condition for the fundamental Dirac operator 
D n on Q. 

Since the modified Dirac-type operators D ± (see (l26l) l acting on sections 
of ££l are zero order deformations of the Dirac operator, they define first 
order elliptic differential operators whose L 2 -formal adjoints are (D±y = 
DR This last fact is an obvious consequence of the following integration by 
parts formula 


In 


(DT,$)dD= [ (\k, D<k) d£l — [ ( 7 (A)T, $) d£ (27) 

Jn 4s 


for all *k, <k € T(£H) and where dQ (resp. d£) is the Riemannian volume ele¬ 
ment of fl (resp. £). It is then easy to see that we are in the standard setup 
examined by Bar and Ballmann (see page 5 of jBaBal for a precise definition 
of this setting). On the other hand, the fiber preserving endomorphism 


G = 7 (iV)u; : T(£) ^ im 


acting on sections of the restricted bundle, is self-adjoint with respect to the 
pointwise Hermitian scalar product, whose square is the identity. Here oj is 
the chirality operator defined in Section T2.11 The map G has two eigenvalue 
±1 whose corresponding eigenspaces are interchanged by the isomorphism 
7 (iV). Then we consider the two non trivial eigensubbundles V± over £ 
corresponding to the ±1—eigenvalues of the map G so that the following 
decomposition holds 

4 = V + © V”. 

The pointwise projections on are given by 

P ± : L 2 (£Q) —► L 2 (V±) 

T i—>■ := i(Id± 7 (iV)w)tf, 1 

where L 2 (£Q) (resp. T 2 (V ± )) denotes the space of L 2 -integrable sections of 
£Q (resp. V 1 * 1 ). Using the properties (fl2l) and (fT3l) of u, we easily see that 
for X £ T(T£) and 'k G T(^), we have G(^(X)\ k) = ©^(AjCT and then 
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^(X) interchanges V + and V . So from Corollary 7.23 and Proposition 7.24 
in [BaBaj . we have 

Proposition 3. The pointwise orthogonal decomposition = V + © V~ in¬ 
duces local boundary conditions for D + . In particular, the operator 

D + : Dorn (D + ) := {tf £ H\ : P±(^| S ) = 0} —> L 2 (£Q) 

is Fredholm and if <f> is a smooth section of £Q, then any H 2 -solutions of 

( D+’P = <f> onQ 

\ P±'I , | S = 0 along T, 

is smooth up to the boundary. Here H 2 stands for the Sobolev space of 
L 2 -spinors with weak L 2 -covariant derivatives. 


It is clear that the same result holds for the Dirac-type operator D~. 
Next we only consider the operator D + since it is straightforward to check 
that all the following results also hold for D~. 

Now we want to prove that the Dirac operator D + defines an isomorphism 
between the space 

Dom ±{D + ) := {'P G Hf(£Q) : P ± ^| S = 0} 

onto L 2 {££!), where P± is the projection given by (12811 . We now denote by 
D± the Dirac-type operator defined on the domain Dom-i-(D + ). We have 


Proposition 4. Let Q be a compact domain with smooth boundary in a 
(n + 1)-dimensional Riemannian spin manifold. The Dirac-type operator 
D + with domain Dom-|-(-D + ) is an isomorphism onto the space of square 
integrable sections of ££l. In particular, for all <P E r(£fl) ; there exists a 
unique smooth section \P £ r(£fi) such that 


( D+'P = <P onQ 
\ P±41|e = 0 along S. 


(29) 


Proof : From the Stokes’ formula (l27|) we have for all ik, <P E T(££l) 

[ (D + ^,<^)dD = [ (4>, D~<&) d£l — f ( 7 (iV)^, $) dS. 

On the other hand for all 4/ G r(£D) 

P ±^|S = 0 4=> P T {l(N)V\z) = 0, 

then the boundary term of the previous identity vanishes for all \P G Dom-|-(-D + ), 
hence (Djjl)* = D±. Since 

CoKer(Dj) ~ Ker(D^)* ~ Ker (Dg), (30) 

we only have to show that Ker(D^) and Ker(Djj) are reduced to zero to 
conclude that D± is an isomorphism. So if \k G r(£D) is in the kernel of 
D± that is 

f D + ^> = 0 on D 
\ P±^| E = 0 along E, 
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then, from the ellipticity of the boundary condition P±, it has to be smooth 
up to the boundary. Moreover since = 0 we have on one hand 

[ (D^,^)dLl = i^-^- I |T| 2 dD, 

Jn 2 Jq 

and on the other hand, an integration by parts leads to 

[ {Dv,v)<m= [ (^,D^)dn = -i 1 ^! f |^| 2 da 
J n J n 2 Jq 

In other words, we showed that 

(n + 1 )i / 'I '| 2 dLl = 0 

Jn 

which implies that = 0 on Ll. We conclude that the kernel of D± is trivial 
and by using a similar argument, we also get that Ker(Djjl) = {0}. Then 
from (|30l) . the operator D± is an isomorphism. From this fact, it is obvious 
to see that for all € r(£T2), there exists a unique smooth solution of (1291) . 

q.e.d. 


As a consequence, we prove that the associated non-homogeneous boundary- 
value problem has a unique smooth solution: 


Corollary 5. Let £ be a hypersurface bounding a compact domain fl in an 
(n+1 )-dimensional Riemannian spin manifold. Then for all <1? € there 

exists a non trivial smooth section T € r(£fi), solution of the boundary-value 
problem 

j D+T = 0 on LI , , 

\P + T| S = P+d> along T. ^> 

The same conclusion holds for the boundary condition P 1 . 

Proof : Let $ be a smooth extension of on Ll. From Proposition [4l 
there exists a smooth solution T € r(£D) to the boundary-value problem 


J D+T = -D+$ on Ll 
[ = 0 along £. 

It is then straightforward to see that T := T + is a smooth section of ELI 
which satisfies (ED- q-e.d. 


3. The holographic principle for Dirac bundles 

In this section, we prove a holographic principle for the existence of an 
imaginary Killing spinor. This result is the hyperbolic counterpart of a 
similar principle for parallel spinor fields proved by the first two authors in 

|hmT] . 
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Theorem 5. Let Q be a compact, connected Riemannian spin manifold 
with smooth boundary £. Assume that the scalar curvature of 17 satisfies 
R > —n(n + l)k 2 for some k > 0 and the mean curvature H ofT,is positive, 
then for all $ £ r (<*?), one has 

J (-^|0 + <h| 2 - y H \$\ 2 ) dZ > 0. (32) 

Moreover, equality occurs for $ G T(^) if and only if there exists two imag¬ 
inary Killinq spinor fields ’F + , 'll - £ r(7?) with Killinq number —(i/2) such 
that P+^ + = P+$ and P= P_$. 

Remark 6. In the previous result, a smooth section < I >± € r(£I7) is called 
an imaginary Killing spinor on 6 17 with Killing number ±(*/2) if it satisfies 
the equation 

V x ch± = ±1 7 (X)$± 

for all X £ r(TI7). It is clear that if 17 is an even dimensional manifold, the 
existence of an imaginary Killing spinor on £II is equivalent to the existence 
of an imaginary Killing spinor on §17 since in this case, ££l = §17. If the 
dimension of 17 is odd, the existence of one imaginary Killing spinor with 
Killing number ±(i/2) is enough to ensure that ££l carries two imaginary 
Killing spinors with Killing number (i/2) and —(i/2). Indeed, it is immediate 
to check that if cf denotes such a spinor field on §17, then the fields defined 
on ££l by <f> + = (0, 0) and <1? = (0,0) are imaginary Killing spinors on ££l 

whose Killing number are respectively ±(i/2) and =F(i/2). Moreover, they 
satisfy l^ 1 * 12 = |</>| 2 and they have no zero since imaginary Killing spinors 
in §17 have no zero (see |Balj or [S a2j for example). 


The choice of the boundary condition heavily relies on its behavior with 
respect to the modified Dirac-type operator ]J)±. We first state the main 
properties needed here to prove our main result. 


Lemma 7. The Dirac-type operator Jj)^ defined for all $ £ r(<*?) by: 

:= 0$ ± ^f 7 (JV)$ 

are first order elliptic differential operators which are self-adjoint with respect 
to the L 2 -scalar product on ff. Moreover for all £ r($), we have: 

1?) + (P±<S>) = P T (lp + $>) (33) 


and so in particular: 

[ (Ip + §,<$>)dX = 2 [ R,e(0 + (P+$),.P_<F)cffi. 
Je Js 


(34) 


Proof : First note that, since f) + is a zero order deformation of the first 
order elliptic differential operator If), it is also a first order elliptic operator. 
Then note that the endomorphism ij(N) of if is symmetric with respect to 
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the pointwise Hermitian scalar product (, ), so that we easily compute for 
all $ 1 , $ 2 G r(£): 

/(^) + d>i,$ 2 )dS = + (7V)$i,$ 2 >d£ = [ (<$>i,fl + $ 2 ) dZ 

J S 7s £ 7s 

since is L 2 -self-adjoint. This proves the hrst assertion. A straight¬ 
forward computation shows that r y(N)P± = Pq= 7 (lV) and then the skew- 
commutativity rule (1241) gives (1331) . Now every section of can be de¬ 
composed into $ = P + <h + P_<h and since this decomposition is pointwise 
orthogonal, we compute using (1331) : 



[ (P_($> + $),P„$)d£ + [ (P + (^> + $),P + d>)d£ 

J s 7s 

[ ($> + (P + $),P_$)d£ + [ (P_$,$>+(P + $))d£ 
.7 s 7s 

2 [ Re($> + (P+$),P_$)d£. 

7s 


q.e.d. 


Proposition 8. Let D be a compact spin Riemannian manifold with scalar 
curvature R > —n(n+1) and whose boundary £ has positive mean curvature 
H. For any section <J> of the restricted Dirac bundle tf, one has 

0 < ^ (l|^ + P + «h| 2 - ^ H\P + $\ 2 ) d£. (35) 

Moreover, equality holds if and only if there exists an imaginary Killing 
spinor \E r+ G T(£f2) such that P + T + = P + <h along the boundary. 

Proof : Take any spinor field <f> € T(<*?) on the hypersurface and consider 
the following boundary-value problem 

J D+T+ =0 on Q 

\ P+T+ = P+$ on £ ( 36 ) 

for the Dirac-type operator D + and the boundary condition P + . The exis¬ 
tence and uniqueness of a smooth solution T + G T(£D) for this boundary- 
value problem is ensured by Corollary[5j On the other hand, since we assume 
that R > — n(n + 1), we can apply the hyperbolic Reilly inequality (1251) to 
T+ to get the following inequality 

0 < f ((^) + ^ + ,T + ) - -P|T+| 2 ) d£. 

J s ^ 

This inequality combined with (fM|) , imply 
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Since we assume that the mean curvature H > 0, we can write 


0S l\/^ +p +' I,+ -\/? p -* + l 2 = 

-^l^+P+'h+l 2 + ^|P_'F f | 2 - 2R e{pP+'f! + ,P-'& + ). 

In other words, we have 

T7 H O 

2 R e{p + P+'Sf + ,P-'& + ) - — |P„^+| 2 < — l^+R+d'+l 2 , 

which, when combined with Inequality (1371) . knowing that P + ^f + = P + <h, 
imply Inequality (l35l) . 

Assume now that equality is achieved, then the spinor field V I' + € r(£fl) 
which satisfies the boundary-value problem (1361) is in fact a twistor-spinor 
since we have equality in the hyperbolic Reilly formula (1251) . Moreover, 
since the condition Z) + 'k + = 0 translates to D\ F + = the section 

'k + is in fact an imaginary Killing spinor on £Q with Killing number —(i/2). 
Moreover, it is obvious that P + 'F|t ] = P + <h as asserted. 

Conversely, if 'F + is an imaginary Killing spinor on then from (1231) we 
compute 

71 

lpm+ = —H^> + — 7(IV).D'I' + — V j V 'I' + 

= ^H*+-^vy(N)*+ 

which can be written as ^) +1 F + = Now we decompose the section 

\E r+ with respect to P + and P_ and thus the relation (1331) yields 

$>+(P ± ^+) = ^HP t ^ + . (38) 

Moreover, from the P 2 -self-adjointness of lj) + and (1381) . we get 


n 

2 



that is 


/ {p + P + ^f + ,P_^+)dS 

JT, 

[ (P + ^ + ,p + P_^> + )d'S 
Jt, 


n 


hip+v+PcE 


P|P_'F + | 2 (E = / H\P + ty + \ z dT, 


+ |2 


Finally, using ([38]) and (f39l) . it follows 
£ (-^P+vk+l 2 - ^PlP+'h+l 2 ) d£ = 

so that equality is achieved in (1351) . 




(39) 


P+d'+l 2 )^ 


q.e.d. 
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We can mimic this proof step by step to get the counterpart of this result 
for the boundary condition P_ 

Proposition 9. Let LI be a compact spin Riemannian manifold with scalar 
curvature R > — n(n + 1), whose boundary E has positive mean curvature 
H. For any section 4> of the restricted Dirac bundle tf, one has 

0 <f (^\t/) + P-<S>\ 2 - ^tf|P_<4| 2 ) dE. (40) 

Moreover, equality holds if and only if, there exists an imaginary Killing 
spinor ik - on £ LI such that PMalong the boundary. 

Proof of Theorem [5j- By Propositions [8] and [9] the field <f> £ r($) sat¬ 
isfies inequalities (1351) and (1401) . Summing these estimates and using the 
relation (1331) gives the result. The equality case also follows directly from 
the characterization of the equality cases in Propositions [8] and [9] 

q.e.d. 

Now making use of the restriction to the hypersurface of an imaginary 
Killing spinor field, we get 

Theorem 6. Let ( Lt n+l ,g ) be a compact, connected (n + 1)- dimensional 
Riemannian spin manifold with smooth boundary E. Assume that the scalar 
curvature of Ll satisfies R > — n(n + 1) and that the mean curvature H of 
E is positive. Suppose furthermore that E admits an isometric and isospin 
immersion F into another (n + 1)-dimensional Riemannian spin manifold 
(Llo,go) endowed with a non trivial ±(i/2) -imaginary Killing spinor field 
< f> ± £ r(£n 0 ) and denote by Hq the mean curvature of this immersion. 
Then the following inequality holds 

—2-)|4> ± | 2 dE>0 (41) 

Ft ) 

and equality occurs if and only if both immersions have the same shape 
operators and E is connected. 

Proof of Theorem [6]: We only consider the case where 4 )_ £ r(£Tlo) is an 
imaginary Killing spinor with Killing number —(i/2). If So is a connected 
component of the boundary E, then, by taking the restriction of the imag¬ 
inary Killing spinor £ r(£f&o) to So, we get the existence of a section 
: = which satisfies the intrinsic Dirac-type equation 

77 

( 42 ) 

Now we extend the section 4 >q on E in such a way that its extension, also 
denoted by <f>Q £ r($), vanishes on E — Eo- Then putting this spinor field 
into (|32l) gives the estimate ([44]) . Assume now that equality is achieved, then 
from the equality case of (1321) , there exists two imaginary Killing spinor fields 




18 


OUSSAMA HIJAZI, SEBASTIAN MONTIEL, AND SIMON RAULOT 


'F + , ^ € r(£fi) with Killing number —(i/2) such that P + 'F + = P + 4> 0 and 

P-T” = P_$Q . Using (1421) . (1331) and Formula (1231) . we have 

H 0 P+<S >o = -fl + (P -$>o ) = -p + (P-*~) = HP + ^~. (43) 

n n 

Similarly, we obtain 

H 0 P_$n = -p + (P+<S >n ) = -fl + (P + ^ + ) = iPFU'F + . (44) 

n n 

Applying the operator Jj) to the first and last terms of (j43j) , we get 

i(V s P 0 )P+^o + \ H l p -% = i(V s P)P + 4/~ + ^H 2 P^- 

which, using again the equalities above, hnally gives 

i(V s P 0 )P+«h 0 - + r 2 HlP-% = ^(V s P)P + 4> 0 - + ^P 2 P_4>o • 

The same argument applied to (I44p yields 

7 f(V s P 0 )P^o + ^ H o p +% = f^(V s P)P_4> o + ^P 2 P + 4> o , 

so that the sum of the last two formulae implies 

j(S7*Ho)% + ^P 0 2 $o = ^i(V s P)4> 0 - + ^P 2 4> 0 ”. 

Moreover, since the spinor fields ^(V^Po)^)/ and , /(V s P)4 , o are both or¬ 
thogonal to <hg , and since the spinor 4>q has no zeros on So (see Remark 
0, we deduce that Pg = P 2 and PV s Po = PoV s P. From these facts, we 
conclude that Hq has no zeros since H is positive and so we may assume 
that Hq = H. Using this equality in (1431) and (|T4|) gives 4>g| V = 

By definition, we have 4> 0 | S _ So = 0 on S — So, thus 

P + 'k + = P+4>g = 0 and P^~ = P_4>q = 

Applying the operator If) + to these equalities and using (133|) and (f23l) . we 
get 

77 77 

0 = /Z> + (P + 'F + ) = -FP_f + , 0 = ^) + (P_.T") = —PP+'F' 

and since H > 0, we deduce 


However, since \F + and T are imaginary Killing spinors on £Q, they have 
no zeros, so this is impossible unless S = So is connected. 

Finally, as another consequence of the preceding argument, we have that 
4 >q is the restriction to S of \F + (and iF - ) via the embedding of S as the 
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boundary of O and of via the immersion of £ in Ho- Then we can apply 
the spinorial Gauss formula (122(1 for the first immersion, that is 

yxT+ = ~ 7 (X)M>+ - \j{AX)*+ (45) 

for all X G T(T£) (here A is the second fundamental form of £ 14), as 

well as 

= “7°(*)*o - ±i(AoX)$o (46) 

for the second immersion £ ^A fio- The notation 7 0 stands for the Clifford 
multiplication on ffio- Now we claim that 

7 (X)T+ = 7°(*)$o (47) 

for all X G T(T£). Indeed from Section 12.21 we have seen that we can 
choose 7°(A r o) and 7(IV) such that 7°(IVo)<l> = 7(A r )4> for all 4 > G T(</) and 
thus for all X G T(T£), 

7 (X)$ = -^(X) 7 (X)4> = -^(X) 7 0 (X 0 )4> = 7 °(X)$. 

Using the fact that = <IU E in (l45]l and (l46|) with the relation (l47|) finally 
give 

i(A 0 X-AX)^ = 0 

for X tangent to £, and since 4 >q has no zeros, we get Aq = A. 

The converse is clear. If the two shape operators A and Aq coincide, then 
the corresponding traces nH and tiHq taken with respect to the common 
induced metric should be equal. Then we have equality in ( 141 (1 . 

q.e.d. 


4. A NEW QUASI-LOCAL MASS 

We propose here a local version of the positive mass theorem obtained 
by Wang (Walj and Chrusciel-Herzlich [CH] for asymptotically hyperbolic 
manifolds. 

4.1. The Hyperbolic space and Hypersurfaces. In this section, we 
recall some well known facts regarding imaginary Killing spinors of the hy¬ 
perbolic space H n+1 . The classification of complete manifolds carrying an 
imaginary Killing spinor has been obtained by H. Baum in (Ball IBa2j (see 
Remark 1101 below). A standard model of the hyperbolic space is the unit 
ball B n+1 endowed with the Rienrannian metric ge = f 2 9E where g e is the 
Euclidean metric and f(x) = 2/(1 — |x||) for x G B n+1 . Here | . |e denotes 
the Euclidean norm associated to g^. Since the Riemannian metrics < 7 h and 
<7e are conformally related, we can canonically identify the corresponding 
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spinor bundles §H and SB. Now we consider the C^-valued constant func¬ 
tion on B ” +1 equal to a £ C N , with N = 2^ 2 ~^, which allows to define a 
spinor field on the unit Euclidean ball, by setting 

^a( x ) : = f* (*)( Id ± i'y E (x))a. (48) 

The spinor field induces on HP +1 an imaginary Killing spinor field also 
denoted by In fact, every imaginary Killing spinor on the hyperbolic 
space can be obtained in such a way. 

Remark 10. It is a well-known fact that, after suitable rescaling of the 
metric, an (n + l)-dimensional manifold P with an imaginary Killing spinor 
has to be Einstein with Ricci curvature —re. If P is complete, H. Baum 
proved in [ Bal . !Ba2j that it has to be a warped product R x exp Pq, i.e. the 
manifold R x Pq is endowed with the metric 

9 := dt 2 © e 2t g Po 

where (Po,gp 0 ) is an re-dimensional complete Riemannian spin manifold ad¬ 
mitting a non-trivial parallel spinor. In case Pq is the Euclidean space R n , 
then P is nothing but the hyperbolic space with constant curvature —1. 

In the following, S is a smooth oriented hypersurface in H n+1 whose 
Weingarten map is denoted by Aq, i.e., Aq(X) = — V® No for all X € r(T£), 
here V H is the Levi-Civita connection on EI n+1 and Nq is the associated unit 
inward normal. Now we discuss the existence of imaginary Killing spinors 
on as defined in Remark [ 6 ] and its consequences. For re + 1 even, the 
bundle corresponds to the spinor bundle over the hyperbolic space and 
this situation is well-known. For the sake of completeness, we include a brief 
discussion of this case. 

The even dimensional case 

In this case, the bundle is simply the standard spinor bundle on H 2m 
with Clifford multiplication 7 0 = and Levi-Civita connection V° = V® 1 . 
Then by the spin Gauss formula (|22|) , the restriction of an imaginary Killing 
spinor £ T(£H 1 ) to £ satisfies: 

fxi’t = - \l(AQX)^t. 

In particular, is a solution of the Dirac-type equation 

nt = ±^7 °(JVo)V>± + 

which, by the discussion in Section 12.21 translates in an intrinsic way to £ 
by 

The odd dimensional case 

If we assume now that re = 2m, the vector bundle £1HI is simply two copies 
of the spinor bundle SH with Clifford multiplication 7 0 = 7® 1 © — 7® 1 and 
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spin Levi-Civita connections V° = V H © V H . In this situation, from the 
discussion in RemarkEl the spinor field defined by := £ r(£IHI), 

where 'i /; 4 € r(SEI) is given by (j48]i . satisfies 

for all X £ r(nffi) so that it is an imaginary Killing spinor field on £EI 
which, in addition, satisfies | 2 = |?/^| 2 . In fact, the spinor field is 
characterized by 

’J'a = fHx)(ld±i'y e (x))a 

where 7 e := y E © —y E is the Clifford multiplication on the trivial Dirac 
bundle 5B and a £ is identified with (a, 0) £ © C^. Now recall 

from Section \2 . 2 1 that the restricted bundle $ := can be identified with 
!^E©^E, Clifford multiplication f/ = 7 s ©7 s and spin Levi-Civita connection 
y = V s © V s . From these identifications, it is straightforward, using the 
spinorial Gauss formula (| 22 l) and the definition of the Dirac-type operator 
f ) ± , to check that 

which, by Section 12.21 only depend on the Riemannian metric and the spin 
structure on E. 

The previous results could be stated as : 

Proposition 11. For any a £ C N , the sections of £ HI defined by 

if n is odd 

if n is even 

are imaginary Killing spinors on £IHL Moreover, if E is an oriented hyper¬ 
surface in HP 44 , then satisfies 

and this equation only depends on the Riemannian and spin structures o/E. 

As we will see in the next section, the proof of Theorem [3] relies essentially 
on (|32|) . However, as easily seen, this principle depends strongly on spinor 
data whereas our energy-momentum vector E(S) does not. A trick by Wang 
(p. 285-286 in [Walj l. generalized by Kwong (Proposition 2.1 and 2.2 in 
El). allows to clarify these aspects. Indeed, since for any imaginary Killing 
£ T(m) as in Proposition [Til we have |<I >±| 2 = |V^| 2 ; we easily deduce 

Lemma 12. For every imaginary Killing spinor £ r(£EI), there exists 
a vector field £ R" 44,1 given by 

n +1 

= T i^{le{d Xj )a,a)d Xj - \a\ 2 d t 
3 =1 
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such that 

|$±| 2 = -2(X,C a ± ) K » + M. (49) 

Moreover, for every null vector £ = (£i,--- iCn+ijl) G M n+1,1 , there exists 
a £ C N with |a| = 1 such that £ = £±. Here X = {x\, ...,x n+ \,t) is the posi¬ 
tion vector field in the Minkowski spacetime and 7 e is Clifford multiplication 
on the Dirac bundle EM. 

4.2. Non-negativity of the quasi-local mass. In this section, we prove 
Theorem [3j More precisely, we have to show that the energy-momentum 
vector field E(E) £ M n+1,1 defined by ([2]) is timelike future directed or zero. 
For this we first recall a characterization of such vector fields given in Lemma 
5.2 of [WYlj for 3-dimensional manifolds but which is easily seen to be true 
in any dimension. 

Lemma 13. A non-zero vector v = (vi,--- ,v n +\,w) is timelike future di¬ 
rected if and only if ( v, £) < 0 for all £ = (£i, • • • , £ n +i, 1 ) with Cj = 1 - 

From this characterization, we first have to prove that (E(E),£) < 0 for 
all null vectors £ = (£i, ■ •• , Cn+n 1 ), that is 

(50) 

unless E(E) = 0. However, Lemma [T2l ensures that for any null vector £ as 
above there exits a £ C N with |a| = 1 such that £ = £^. Then from (H9l) . 
the inequality (150)) is equivalent to 

£( ff ° 2 ff ff 2 ) | ^ | 2 dS > 0 (51) 

for all a £ C N with | a| = 1. On the other hand, since we assume that E 
admits an isometric and isospin immersion F into the hyperbolic space H n+1 , 
by Proposition [TT] it follows that every imaginary Killing spinor field of the 
form induces a solution of the Dirac-type equation on 

E (intrinsically to E). Moreover since we assume that H is positive on E, 
we can apply (l32l) to every , to get (15T1) . 

However, if equality is achieved, it follows from Theorem [ 6 ] that the shape 
operators of E with respect to its embedding in H and its immersion in 
are the same so that E(E) = 0. This implies that E(S) is timelike future 
directed or zero. 

Suppose now that E(E) = 0. In this case, we already know that E is 
connected and that the second fundamental form A of E in H agrees with 
the one of E in HP 1-1-1 denoted by Aq. On the other hand, the hyperbolic 
space HI n+1 admits a maximal number of linearly independent imaginary 
Killing spinor fields, so that we can repeat the argument in the proof of 
Theorem [ 6 ] for each one of the restrictions to E of these spinor fields. In this 
way we obtain a maximal number of imaginary Killing spinor fields defined 
on H. But, according to [Ba2| (see also |BFOK| ). this forces the manifold 
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17 to have constant curvature —1. Moreover, since A = Aq, we can then 
glue along £ in 17 the exterior of £ in the hyperbolic space to obtain a 
smooth complete Riemannian manifold M with constant negative sectional 
curvature which is isometric to the hyperbolic space at infinity. We easily 
conclude that M is isometric to EP +1 and then 17 is isometric to a compact 
domain of HI n+1 . Finally we may apply the fundamental theorem of the 
local theory of hypersurfaces (see Theorem 2.1 in [AKYj ) to deduce that 
the embedding of £ in 17 and its immersion in HI n+1 are congruent. The 
converse of the equality case in Theorem [3] is straightforward. 

4.3. The two dimensional case. In this section, we consider the case 
n = 2 which is the most relevant from a physical point of view. More 
precisely, we propose to define a new notion of local energy-momentum 
vector by setting 

E(S) = 

with (£, 5 ) a topological 2-sphere, whose Gauss curvature K > — k 2 and 
mean curvature H > 0, considered as the boundary of a 3-dinrensional com¬ 
pact Riemannian domain 17 with scalar curvature R > —6k 2 . Here Hq is 
the mean curvature of the embedding of (£, 5 ) into the standard hyperbolic 
space H 3 , 2 (whose existence and uniqueness are proved in [Pj and [ DCW ]). 
Then it follows easily from Theorem [3l that if 17 is not isometric to a do¬ 
main of HP then the energy-momentum vector E(£) is a timelike future 
directed vector in M 3,1 . Moreover, it is zero if and only if 17 is a domain in 
the hyperbolic space. For a more precise statement of this result, we refer 
to Theorem [H 

We conclude that E(£) has the non negativity and rigidity properties 
which are needed to define an appropriate notion of quasilocal mass. An¬ 
other important feature is also required: the limit of E(£) should recover 
the total energy in the asymptotically hyperbolic case. So let us first recall 
this setting as well as a notion of total energy for such manifolds defined by 
Wang jWalj . A more general setting is described in (CHj . A complete non 
compact Riemannian manifold (M 3 ,g) is asymptotically hyperbolic (AH) if 
M is the interior of a compact manifold M with boundary dM such that 

(1) there is a smooth function r on M, with r > 0 on M and r = 0 on 
dM , such that g = r 2 g extends as a smooth Riemannian metric on 
M; 

(2) \dr\g = 1 on <9M; 

(3) dM is the standard unit sphere § 2 ; 

(4) on a collar neighborhood of dM, we have: 

g = sinh - 2 (r)(dr 2 + g r ), 
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where g r is an r-dependent family of metrics on § 2 such that: 

r 3 

9r = 9o + -j h + e - 

Here go is the standard metric on the sphere, h is a smooth symmetric 
2 -tensor on § 2 and e is of order 0(r 4 ). 

The following positive mass theorem was proved by Wang: 

Theorem 7. [Wal j If (M 3 ,g) is an (AH) Riemannian manifold such that 
its scalar curvature satisfies R > —6, then the energy-momentum vector 

T = (y tr 90 (h)d§,y tr 90 (h)xd§^ € M 3 ’ 1 

is timelike future directed or zero. It is zero if and only if ( M 3 ,g) is isomet¬ 
ric to the hyperbolic space H 3 . Here dS denotes the standard Riemannian 
measure on the round sphere. 

Using a recent work of Kwong and Tam [KTj . we show that our local 
energy-momentum vector (under some additional technical assumptions) 
converges to the energy-momentum vector T. In fact, as in [KTj . we as¬ 
sume that the following hold: 


(A) V§ 2 e, V| 2 e, V| 2 e, V| 2 e and are of order 0{r 3 ) 


where V| 2 is the Levi-Civita connection of order k on tensor fields. Then 
consider a geodesic sphere S r C ( M,g ) for r small and let H be its mean 
curvature. We identify S r as the standard sphere § 2 with metric 7 r induced 
from g. For r small enough, the Gauss curvature of (S r , j r ) is positive, hence 
(S r , 7 r ) can be isometrically embedded into H 3 by Pogorelov’s Theorem. If 

denotes this embedding and if o r is the center of the largest geodesic 
sphere contained in the interior of X^ (S r ), then Kwong and Tam prove that 
we can choose the center of the geodesic balls at a fixed point o € H 3 . In 
addition to this, they construct isometries i r of H 3 fixing o such that, when 
X+) 

is seen as an embedding of (S r , j r ) into M 3,1 (via H 3 ), the following 
expansions hold 


H 

Ho 


k i r o lW(x) 


cosh r - \r 3 tv go (h) + o(r 4 ) = 1 + ^ — \r 3 ti go (h) + o(r 4 ) 
coshr + o(r 4 ) = 1 + ^ + o(r 3 ) 

+ 0< + 2 )) dS= (^ + o(i)) d§ 

(f + °(1)> f + °(f)) 


Form these estimates, straightforward calculations show that 
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and 

i r o X^ r \x) dS r = (^ + O(i), J + 0(1)) dS, 

hence, 

Theorem 8. Let ( M 3 ,g ) &e a 3-dimensional (AH) hyperbolic manifold sat¬ 
isfying the assumptions (A), then: 

lim E(5 r ) = -T 

r—>0 V J 2 

where 

E (S r )= [ ( H ° ~ H2 )i r oX {r hiS r . 

JSr H 

As we have seen, the proof of Theorem 0] makes no use of the Postive Mass 
Theorem for (AH) manifolds unlike the results of Shi-Tam and Kwong. In 
fact, combining Theorems U] and [HI we get an alternative proof of the Positive 
Mass Theorem of Wang under the additional assumptions (A). 

References 

[AKY] N. Abe, N. Koike and S. Yamaguchi, Congruence theorems for proper semi- 
Riemannian hypersurfaces in a real space form, Yokohama Math. Journ. 35 
(1987), 123-136. 

[AD] L. Anderson and M. Dahl, Scalar curvature rigidity for asymptotically locally 
hyperbolic manifolds, Ann. Global. Anal. Geo. 16 (1998), 1-27. 

[Ba] C. Bar, Extrinsic bounds of the Dirac operator, Ann. Glob. Anal. Geom., 16 
(1998), 573-596. 

[BaBa] C. Bar, W. Ballmann, Boundary value problems for elliptic differential operators 
of first order, Surveys in Differential Geometry 17 (2012), 1-78. 

[Bal] H. Baum, Odd-dimensional Riemannian manifolds admitting imaginary Killing 
spinors, Ann. Glob. Anal. Geom. 7 (1989), 141 153. 

[Ba2] H. Baum, Complete Riemannian manifolds with imaginary Killing spinors, Ann. 
Glob. Anal. Geom. 7 (1989), 205-226. 

[BFGK] H. Baum, T. Friedrich, R. Griinewald, I. Kath, Twistor and Killing Spinors on 
Riemannian Manifolds, Seminarbericht 108, Humboldt-Universitat zu Berlin, 
1990. 

[Bu] J. Bures, Dirac operators on hypersurfaces, Comment. Math. Univ. Carolin. 34 
(1993), no. 2, 313-322. 

[CH] P. T. Chrusciel, M. Herzlich, The mass of asymptotically hyperbolic Riemannian 
manifolds, Pacific J. Math, 212 (2003), 231-264. 

[DCW] M.P. do Carmo, F.W. Warner, Rigidity and convexity of hypersurf aces in spheres, 
J. Diff. Geom. 4 (1970), 133-144. 

[He] M. Herzlich, A Penrose-like inequality for the mass of Riemannian asymptotically 
flat manifolds, Commun. Math. Phys. 188, no. 1, 121-133 (1997). 

[HM1] O. Hijazi, S. Montiel, A holographic principle for the existence of parallel spinor 
fields and an inequality of Shi-Tam type, Asian Journal of Math. 8 (2014) 489- 
506. 

[HMR1] O. Hijazi, S. Montiel and S. Roldan, Eigenvalue boundary problems for the Dirac 
operator, Comm. Math. Phys. 231 (2002), 375-390. 



26 


OUSSAMA HIJAZI, SEBASTIAN MONTIEL, AND SIMON RAULOT 


[HMR2] O. Hijazi, S. Montiel and S. Roldan, Dirac Operator on Hypersurfaces of Mani¬ 
folds with Negative Scalar Curvature, Ann. Glob. Anal. Geom. 23 (2003), 247- 
264. 

[HMZ1] O. Hijazi, S. Montiel, X. Zhang, Dirac operator on embedded hyper surf aces, 
Math. Res. Lett, 8 (2001), 195-208. 

[HMZ2] O. Hijazi, S. Montiel, X. Zhang, Conformal lower bounds for the Dirac operator 
of embedded hypersurfaces, Asian J. Math., 6 (2002), 23-36. 

[K] K.-K. Kwong, On the positivity of a quasilocal mass in general dimensions, 

Comm. Anal. Geom. 21 (2013), no. 4, 847-871. 

[KT] K.-K. Kwong and L.-F. Tam, Limit of quasilocal mass integrals in asymptotically 
hyperbolic manifolds, Proc. Amer. Math. Soc. 141 (2013), 313-324. 

[LM] H.B. Lawson, M.L. Michelsohn, Spin Geometry, Princeton Math. Series, vol. 38, 
Princeton University Press, 1989. 

[LY1] C.-C. Liu, S.-T. Yau, Positivity of quasilocal mass, Phys. Rev. Lett., 90 (2003), 

231102-231106. 

[LY21 C.-C. Liu, S.-T. Yau, Positivity of quasi-local mass II, J. Amer. Math. Soc., 19 

(2006), no. 1, 181-204. 

[MST] P. Miao, Y. Shi and L.-F. Tam, On geometric problems related to Brown-York 
and Liu-Yau quasilocal mass, Commun. Math. Phys. 298 (2010), no. 2, 437-459. 

[M] M. Min-Oo, Scalar curvature rigidity of asymptotically hyperbolic spin manifolds, 
Math. Ann. 285 (1989), 527-539. 

[P] A.V. Pogorelov, Some results on surface theory in the large, Adv. Math. 1 (1964), 

191-264. 

[SY1] R. Schoen and S.-T. Yau, On the proof of the positive mass conjecture in general 
relativity, Comm. Math. Phys. 65 (1979), no. 1, 45-76. 

[SY2] _, Proof of the positive mass Theorem II, Comm. Math. Phys. 79 (1981), 

no. 2, 231-260. 

[ST1] Y. Shi, L.-F. Tam, Positive mass theorem and the boundary behaviors of compact 
manifolds with nonnegative scalar curvature, J. Diff. Geom., 62 (2002), 79-125. 

[ST2] Y.-G. Shi, L.-F. Tam, Rigidity of compact manifolds and positivity of quasi-local 

mass, Classical Quantum Gravity, 24 (2007), 2357-2366. 

[Tr] A. Trautman, The Dirac operator on hypersurfaces, Acta Phys. Pol., B 26 
(1995), 1283-1310. 

[Wal] X. Wang, The mass of asymptotically hyperbolic manifolds, J. Diff. Geom., 57 
(2001), 273-299. 

[WY1] M.-T. Wang, S.-T. Yau, A generalization of Liu-Yau’s quasi-local mass, Comm. 

Anal. Geom., 15 (2007), 249-282. 

[Wi] E. Witten, A new proof of the positive energy theorem, Commun. Math. Phys., 
80 (1981), 381-402. 

(Oussama Hijazi) Institut Elie Cartan de Lorraine, Universite de Lorraine, 

Nancy, B.P. 239, 54506 Vandceuvre-Les-Nancy Cedex, France. 

E-mail address'. Oussaina.Hijazi@univ-lorraine.fr 

(Sebastian Montiel) Departamento de Geometri'a y Topologi'a, Universidad de 

Granada, 18071 Granada, Spain. 

E-mail address: smontiel@ugr.es 

(Simon Raulot) Laboratoire de Mathematiques R. Salem UMR 6085 CNRS- 

Universite de Rouen Avenue de l’Universite, BP. 12 Technopole du Madrillet 

76801 Saint-Etienne-du-Rouvray, France. 

E-mail address: simon.raulot@univ-rouen.fr 



